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(a; p) = Z
2
(; a)S(; p) ; (4)
where a is the regularization parameter (i.e., the lattice spacing here) and Z
2
(; a) is the quark wave-function renor-
malization constant chosen so as to ensure Z(; 
2
) = 1. For simplicity of notation we suppress the a-dependence of
the bare quantities.
On the lattice we expect the bare quark propagators, in momentumspace, to have a similar form as in the continuum,
except that the O(4) invariance is replaced by a 4-dimensional hypercubic symmetry on an isotropic lattice. Hence,















We use periodic boundary conditions in the spatial directions and anti-periodic in the time direction. The discrete




























































+ B(p) ; (7)

















































































At tree-level, i.e., when all the gauge links are set to the identity, the inverse bare lattice quark propagator becomes




















(p) directly by setting the links to unity in the coordinate space quark propagator and taking its





















This is the starting point for the general approach to tree-level correction developed in earlier studies of the gluon
propagator [10, 11] and the quark propagator [5, 6, 7]. For overlap quarks no tree-level correction is needed [9]. This
feature is a major advantage of the overlap formalism.












(; a)S(; p) (13)
and the lattice version of the renormalized propagator in Eq. (1)
S(; p) 
1





The overlap fermion formalism [12, 13] realizes an exact chiral symmetry on the lattice and is automatically O(a)
improved, since any O(a) error would necessarily violate chiral symmetry [14]. The massless coordinate-space overlap-











is an Hermitian operator that depends on the background gauge eld and has eigenvalues 1. Any such
D(0) is easily seen to satisfy the Ginsparg{Wilson relation [16]
f
5
; D(0)g = 2D(0)
5
D(0) : (16)












(0)   1] we see that the Ginsparg-Wilson







(0)g = 0 : (17)
The standard choice of H
a
























the Hermitian Wilson-Dirac operator and where D
w
is the usual Wilson-Dirac operator on the lattice. However, in
the overlap formalism the Wilson mass parameter m
w
is negative.





































We see that this is equivalent to the standard Wilson-Dirac operator with the identication of the mean-eld improved




[9]. It is U=u
0
that has a more convergent expansion around the identity than the links U
themselves. The negative Wilson mass ( m
w










The Wilson parameter is chosen to be r = 1 in our numerical simulations.
































This denition of the massless overlap quark propagator follows from the overlap formalism [17] and ensures that the






(0)g = 0 just as it does in the continuum [15]. At
tree-level the momentum-space form of the massless propagator denes the kinematic lattice momentum q, i.e., we














where p is the discrete lattice momentum dened in Eq. (6) and q is the kinematical lattice momentum dened in
Eq. (12). We can obtain q numerically in this way from the tree-level massless quark propagator [9]. A derivation of
the analytic form of q and of the overlap quark dispersion relation can also be found in Ref. [9].
4Having identied the massless quark propagator in Eq. (20), we can construct the massive overlap quark propagator




























and the reason that the overlap quark propagator needs no tree-level correction beyond identifying q is now clear. In
the case of non-zero bare quark mass, the overlap operator can be dened as [15]
D() = (1  )D(0) +  =
1
2
















































We see that the massless limit, m
0


















(0). For non-negative bare mass m
0
we require   0. In order that the above expressions and manipulations be
well-dened we must have  < 1. Hence, 0   < 1 denes the allowable range of bare masses.
III. NUMERICAL RESULTS
Here we work on two lattices with dierent lattice spacing, a, and very similar physical volumes, created using
a tadpole improved plaquette plus rectangle (Luscher-Weisz [19]) gauge action through the pseudo-heatbath algo-
rithm [20]. For each lattice size, we use 50 congurations . Lattice parameters are summarized in Table I. The lattice
spacing is determined from the static quark potential with a string tension
p
 = 440 MeV [18].

















 16 5000 500 4.286 0.194 0.87209 1:552
3
 3:104
The gauge eld congurations are gauge xed to the Landau gauge using a Conjugate Gradient Fourier Acceler-










. We use an improved gauge-xing scheme to
minimize gauge-xing discretization errors. A discussion of the functional and method for improved Landau gauge
xing can be found in Ref. [22].





) for each gauge conguration in the ensemble. We then calculate Eq. (26) for each conguration and
take the ensemble average to obtain S
bare
(x; y). The discrete Fourier transform of this nally gives the momentum-
space bare quark propagator, S
bare
(p), for the bare quark mass m
0
. Our calculations used  = 0:19 for lattice 1
(12
3
 24) and since at tree level 
c
= 1=8, we then have m
w
a = 1:661 . For lattice 2 (8
3
 16), we choose  = 0:1864
to give m
w
a = 1:661. We calculate at ten quark masses specied by  = 0:024, 0:028, 0:032, 0:040, 0:048, 0:060,





5147, 168, 210, 252, 315, 420, 524, 629, and 734 MeV respectively. For lattice 2, we choose 10 mass parameters 
i
so







the same as on lattice 1.
The results of lattice 1 are presented in detail in Ref. [9]. It is satisfying that the results of lattice 2 are similar
to those of lattice 1. Here we are focusing on the comparison of the results on these two lattices. All data has been
cylinder cut [10]. First we present the results for nite quark masses. The results for the mass function M (p) for
the two lattices at m
0
= 168 MeV are plotted in Fig. 1. The comparision of results for the other masses are very
similar. We can clearly see that if the mass function M (p) is plotted against the discrete lattice momentum p, the
results of the two lattices are in good agreement with each other. But if the mass function M (p) is plotted against
kinematical lattice momentum q, the agreement of the two is less satisfactory. The results for the renormalization
function Z(p) of the two lattices at m
0
= 168 MeV is plotted in Fig. 2. The renormalization point is  = 3:9GeV . If
the renormalization function Z(p) is plotted against kinematical lattice momentum q, the results on the two lattices
are in reasonably good agreement. In the Z
(R)
(p) versus q plot in Fig. 2 there is a small dierence remaining in the
infrared which should be studied further with another lattice spacing in the future.
Thus we have resolved one of the key questions raised in the studies of Ref. [9], i.e., we see that the continuum
limit appears to be approached most rapidly when Z(p) and M (p) are plotted against q and p respectively. Since the
regularization parameter, a, is dierent on the two lattices, selecting the same m
0
is not exactly equivalent to selecting
the same current quark mass. For our purposes, however, this mismatch will be a small eect, as evidenced by the
excellent agreement in the infrared for M (p). This small mismatch of bare masses can be avoided by comparing the
two lattices in the chiral limit.
The chiral extrapolated data are obtained from a simple linear chiral extrapolation. The mass function M (p) for
the two lattices in the chiral limit is plotted in Fig. 3, as anticipated from the case of nite m
0
, when the mass function
M (p) is plotted against the discrete lattice momentum p the results of the two lattice are in good agreement. The
results for the renormalization function Z(p) of the two lattices in the chiral limit is plotted in Fig. 4. Again it seems
that when the renormalization function Z(p) is plotted against the kinematical lattice momentum q, the results on the
two lattices are in good agreement. We attribute the relatively small discrepancies in Z
R
(p) versus q andM (p) versus
p between our two lattices to that fact that our lattice 2 has a lattice spacing of a = 0:194 fm, which is somewhat
coarse.


































(see Ref. [3], Eq. (6.15)) where the anomalous dimension of the quark mass is d
M







= 0 in the present case) and we use 
MOM
QCD
= 691 MeV. The dependence ofM (p
2
) on the renormalization
point  is cancelled by the dependence of the condensate, maintaining the renormalization point invariance of the
mass function. Using momentum p, this form was t to the data from the ner lattice, resulting in a value for the
condensate
h  i =  (273 50 MeV)
3
: (29)
This is in excellent agreement with the value extracted from the Asqtad action using the same method [7]. If
the momentum q is employed, which we have already seen to be less desirable, then the very dierent result of
h  i =  (468 37 MeV)
3
is obtained, which again suggests that for the overlap quark action it is most appropriate
to plot M (p) versus p.











in the chiral limit. This form is nite at zero four-momentum and has been seen to provide a good description of the
infrared behavior of the quark mass function [5, 7]. The consistency of the t parameters, shown in Table II, shows
us again the good scaling of the overlap action. These results are also consistent with those obtained from the Asqtad
action [7], which is another indicator that our choice of momentum is correct for this action.
IV. SUMMARY AND OUTLOOK
In this paper we explore the nonperturbative quark propagator on Luscher-Weisz O(a
2
) tadpole-improved quenched
lattice congurations and the overlap fermion operator with the Wilson overlap kernel. The momentum space quark
6FIG. 1: The mass function M(p) corresponding to a bare mass m
0
= 168 MeV is shown for our two lattices. A cylinder cut has
been used [10]. In the upper part of the gure M(p) is plotted against the discrete lattice momentum p, whereas in the lower
part it is plotted against the kinematical momentum q. The results suggest that we most rapidly approach the continuum limit
by plotting M(p) against p.
propagator was calculated in O(a
2
) improved Landau gauge on two lattices with dierent lattice spacing a and very
similar physical volumes in order to explore its approach to the continuum limit. We calculated the nonperturbative
momentum-dependent wavefunction renormalization Z(p) and the nonperturbative mass function M (p) for a variety
of bare quark masses. We also performed a simple linear extrapolation to the chiral limit. As previously anticipated [9],
the continuum limit for Z(p) is approached most rapidly when it is plotted against the kinematical lattice momentum
q, whereas for the quark mass function, M (p), plotting against the discrete lattice momentum p provides the most
rapid approach to the continuum limit. The agreement between the two lattices suggests that we are close to the
continuum limit, and it seems reasonable to conclude that our ner lattice results [9] are a good approximation to
this limit.
Future work should test our conclusions and further explore the continuum limit with one or more additional ner
lattice spacings. In addition, a variety of volumes should be studied to explore the innite volume limit. One can also
use other kernels in the overlap fermion formalism, e.g., using a fat-link irrelevant clover (FLIC) action [23] as the
7FIG. 2: The momentum-dependent wavefunction renormalization function Z
(R)
(p)  Z(;p) for renormalization point  =
3:9 GeV (on the p-scale) for the case of bare mass m
0
= 168 MeV. A cylinder cut has been used [10]. In the upper part of the
gure Z
(R)
(p) is plotted against the discrete lattice momentum p whereas in the lower part it is plotted against the kinematical
momentum q. The results suggest that we most rapidly approach the continuum limit by plotting Z
(R)
(p) against q.
overlap kernel [24, 25] in order to further establish the robustness of our conclusions and to provide more accurate
data. These studies are currently underway and results will be reported elsewhere.
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8FIG. 3: The mass function M(p) from a linear extrapolation to the chiral limit is shown for our two lattices. In the upper
part of the gure M(p) is plotted against the discrete lattice momentum p, whereas in the lower part it is plotted against the
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